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The following theorem is known 1) : 
Theorem: Suppose that F(t)~O for t~O, that 
(X) 
I e~st F(t)dt 
0 
converges for Res> 1 and that, in a certain interval -a;;;:;;Im s;;;:;;a (a>O), 
j e~•t F(t)dt-~ 
0 8-1 
converges uniformly to a limit function for Re s - 1 ; here A denotes a 
constant ~ 0. Suppose that it is possible to find far each positive number e 
a positive number" <5 such that each pair of numbers x and x' with 
x;;;:;;x' ;;;:;;x+ <5 
satisfies the inequality 
F(x);;;:;; (1 +a) F(x'). 
If F(t) is for t~O a monotonically non-decreasing function of t, then 
lim e~t F(t) =.A. 
t-+00 
The purpose of this paper is to show that in this theorem the mono-
toneity condition is superfluous. To that end I deduce first the following: 
Lemma: Let f(x) and g(x) be ~ 0 for each real x; let h(x) be a real 
function of the real variable x which is bounded for each bounded value of x. 
Suppose that, for each positive a, it is possible to find a ·positive number <5 
such that each pair of real numbers x and x' with x;;;:;; x';;;:;; x + <5 satisfies the 
inequality 
f(x);;;:;;(l+a)f(x'). 
1 ) See G. DOETSCH, Theorie und Anwendung der Laplace-Transformation, Dover 
Publications 1943, Kap. 10, § 3, p. 216-222. 
1 Series A 
2 
Let a(u, v) and {J(u, v) denote real numbers definied for sufficiently large 
positive u and v such that for each fixed, sufficiently large v 
lim a(u,v)= -=; lim {J(u,v)= = 
U--+00 
and 
fl<u,!1) 
lim I f(u+v- 1h(x)) g(x)dx=A, 
U--+00 IX (U. V) 
where A denotes a finite number independent of v. Then 
00 
lim f(u) =A ( I g(x) dx) -', 
'!t-+00 -00 
provided that the last integral exists and is of= 0 (it may be =). 
The proof of this lemma runs as follows. For each number p;s;2jh(O) 
it is possible to find a number rp(p);s;O such that /h(x)J~tP in the interval 
- rp(p) ~ x ~ rp(p) ; for instance rp(p) = 0 possesses this property. Since 
h(x) is bounded for bounded x we can choose this number rp(p) in such a 
way that it tends to infinity for p --+ =. 
Let s denote an arbitrary positive number and let !:5 denote the positive 
number depending on s with the property mentioned in the formulation 
of the lemma. Let v denote a fixed number so large that bv;s;2jh(O)j and 
so that the conditions mentioned in the lemma are satisfied. 
Let us first prove that for sufficiently large u 
00 
(l) f(u) I g(x)dx < (l+s)2 (A+s), 
-oo 
provided that this integral is finite. Since this inequality is obvious in 
the case that the integral is equal to zero, we may suppose in the proof 
of (1) that the integral is of= 0. Replacing u by u+tb in the given con-
ditions we find 
fl(u+l6,!1) 
lim I f(u+!b+v- 1 h(x))g(x)dx=A. 
u--+ oo .x<u+ !6, 11) 
therefore for sufficiently large u 
fl<u+i6.11) I f(u+tb+v- 1 h(x))g(x)dx<A+s . 
.x<u+l6.v) 
We have for sufficiently large u 
a(u+tb, v) < -rp(bv) and p(u+tb, v)>rp(ov). 
so that certainly 
<p(6!1) 
I f(u+tb+v- 1 h(x))g(x)dx<A+s. 
-<p(6v) 
3 
In this integral, according to the definition of rp(p), we have 
ih(x)l <f15v, 
hence 
u<;u+ !15+v-1 h(x) <;u+ 15, 
so that 
f(u) <(I+ e}f(u+ f15+v-1h(x)), 
therefore 
<p(6v) 
(2) f(u) I g(x)dx < (I+e) (A+e). 
-<p(dv) 
Here rp(l5v)-Hx> as V-+ex>. Therefore, if IC:::00 g(x)dx is=, then it follows 
from (2) that f(u) tends to zero for u-+ ex>, so that then the assertion 
of the lemma holds. In the proof I may therefore assume that the integral 
is finite. If we choose v sufficiently large we have 
00 'I'~~ I g(x) dx < (I +e) I g(x) dx, 
-oo -<p(6v) 
since the integral on the left hand side is a finite positive number. 
Consequently (2) yields (I). 
Let us finally prove that for sufficiently large u 
(3) 00 A-e f(u) _£ g(x)dx > l+e. 
It is clear that (I) and (3) yield the required result. 
Replacing u by u ~ !15 in the given conditions we obtain, for sufficiently 
large u, 
P<u-i<l,v) 
I f(u-f15+v- 1 h(x))g(x)dx>A-e, 
<>(u-i<l,v) 
hence certainly 
Here 
so that 
This gives (3). 
<p(dv) 
I f(u-!15+v- 1 h(x))g(x)dx>A-e. 
-<p(6v) 
f(u- !15+ v-1 h(x)) <(I+ e)f(u), 
<p(6v) A 
f (u) I g(x) dx > 1 ~e. 
-<p(6v) 6 
The lemma yields easily the theorem formulated above, since G. 
DoETSCH has proved I.e. upon the conditions of the theorem, without 
using the monotoniety, 
' • uv sin2x 
lim I f(u-v- 1 x)-2-dx=nA, u~oo -oo X 
4 
· where 
f(x)=e~F(x) for x~O. 
Put f(x)=O for x<O. If O~x~x'~x+!5, then 
f(x) ~ (l +e) e-"''H F(x') = (l+e) e4 f(x'). 
This holds also for x<O. We find therefore the required result by applying 
the lemma with 
sin2 x co 
g(x)= - 2-; J g(x)dx=:n; h(x)= -x; ~X(u,v)= -ex:>; {J(u,v)=uv. X 
-co 
